Fractional derivative relaxation type equations (FREs) including fractional diffusion equation and fractional relaxation equation, have been widely used to describe anomalous phenomena in physics. To utilize the characteristics of fractional dynamic systems, this paper proposes a scale-dependent finite difference method (S-FDM) in which the non-uniform mesh depends on the time fractional derivative order of FRE. The purpose is to establish a stable numerical method with low computation cost for FREs by making a bridge between the fractional derivative order and space-time discretization steps. The proposed method is proved to be unconditional stable with (2-α)-th convergence rate. Moreover, three examples are carried out to make a comparison among the uniform difference method, common non-uniform method and S-FDM in term of accuracy, convergence rate and computational costs. It has been confirmed that the S-FDM method owns obvious advantages in computational efficiency compared with uniform mesh method, especially for long-time range computation (e.g. the CPU time of S-FDM is ~1/400 of uniform mesh method with better relative error for time T=500 and fractional derivative order α=0.4).. Keywords: scale-dependent finite difference method, fractional derivative relaxation type equations, power-law time, non-uniform mesh
Introduction
Fractional derivative which is almost as old as integer-order derivative [1, 2] , has a comprehensive applications in hydrology [3, 4, [31] [32] [33] , image processing [5] [6] [7] , finance [8] , physics [9] , etc. Previous investigations have confirmed that, fractional-order derivative models are more suitable to establish and develop dynamic system on account of its history dependence or/and non-local/long-range interaction.
According to the discrepancy of natural physical processes and fractional definitions, there are different kinds of fractional derivative models to describe various anomalous phenomena and dynamic systems [10-13, 34, 37] .
In the past decades, there are many theoretical and numerical algorithm for FREs have drawn attention and attracted increasing interests. Since there are so many papers devoted to this field, here we just review several previous literatures [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] . Podlubny [24] proved the fractional differential equations to model anomalous diffusion phenomena. Meerschaert et al. [25] developed a finite difference approximations for fractional flow equations with variable coefficients on a finite domain. K.Diethelm et al. [27] made a great effort to provide the predict-corrected method for fractional Relaxation-Oscillation equation. But we should denote that though numerical methods with same discretization step is easily gained and calculated, the computation efficiency based on uniform step is a remarkable problem in applications . Therefore, the high-efficient numerical methods for FREs are still necessary for the physical modeling and experiment results analysis in consideration of high computational cost for long-range computation owing to its long-time memory and spatial non-locality. Hence, non-uniform mesh method as a promising approach, has been proposed with ambition to improve computation efficiency, due to its distinct advantages for accurately solving FREs with less mesh points [28, 29] . To our knowledge, Li et al. [28] presented a finite difference method to deal with nonlinear fractional differential equations by using non-uniform meshes with non-equidistant step-size. Zhang et al. [14] extended the finite difference method for time fractional diffusion equation equation on non-uniform meshes. However, one can notice that the non-uniform collocation methods in previous literatures have no relationship with fractional order of FREs, while the behaviors of fractional relaxation systems have close relationship with their differential orders. Thus, how to determine the non-uniform mesh based on the characteristics of fractional relaxation systems is an interesting and important topic to improve the computational efficiency of numerical method.
The purpose of this paper is to introduce a non-uniform mesh method based on the relationship of fractional derivative order and strategy of non-uniform collocation. Chen et al. [16, 17, 33] introduced a new approach of space-time metrics and further verified it through a series of applications. Here we borrow the idea of Hausdroff metric to establish the relationship between strategy of non-uniform mesh and fractional derivative order. For illustration purpose, we only consider the time derivative FREs which account for the heavy tail phenomena caused by historical memory, to demonstrate its efficiency and accuracy. Since the relationship between intensity of the memory property and time fractional order could be called as scale-dependence phenomenon from application approach, we name this method as scale-dependent finite difference method (S-FDM). To make our illustration clear and brief in the sequel, we introduce two concepts named clock time in Euclidean metric and power-law time in Hausdroff metric. After that, we could illustrate that the proposed method could be regard as the uniform mesh on the power-law time while it shows non-uniform mesh property on the clock time. Meanwhile, what is important is that it combines the two advantages of non-uniform mesh methods on high accuracy and uniform mesh methods on low computation cost.
The rest of this paper is organized as follows. In section 2, the stability and convergence of numerical scheme are proved. Then numerical results on different schemes are calculated to show the property of scale-dependent finite difference method in section 3. Then, further comparison and discussion on presented method are provided to verify our statement in section 4. Finally, some conclusions are drawn in section 5.
Theory and Methodologies
Consider the following time FRE (could be relaxation/diffusion equation)
with the initial and boundary conditions ( , ) | 0, 0 ,
where the f is the source term and K represents relaxation parameter. The well-known Caputo fractional operator is
Here, we separate the interval into integer N subintervals with For the proposed meshes above, it has the following result [14] .
Proof. The integral could be written as
and deal with the formula (4) by two parts. Firstly, utilizing linear interpolation of f , we obtain ( ) 
Furthermore, with Taylor expansion, the error in interval [t n-1 ,t n ] could be ( ) ( )
Combining (6) and (7), we complete the proof.
Derivation of the difference scheme
The scale-dependent finite difference numerical scheme for Caputo time fractional derivative is written as follows:
. The u(x, t) is the solution of the equation (1).
Here, we denote
Then we set
, it is easy to get the inequality
while, it is also noticed that
Consider Eqs. (1) and (2) 
, n u x t + is numerical approximation of the exact solution. After that, we have following discrete difference scheme (13) with initial and boundary condition (1) and (2), the stability of the difference scheme (12) is unconditional . Utilizing formula (14) and denoting the zero boundary, we get
Considering Eqs. (10) and (11), it could be gain
The proof have been completed □ using mathematic induction, we have
Noting that the error of eq. (12), we have the below equation 
x t ,we have
Applying the Poincar é inequality with Theorem 2.1, the numerical solution of fractional diffusion equation (13) is convergence in H 1 norm as 0 n τ → .
Numerical Experiments
In From the Table1, the implicit numerical methods with the two methods are compared in terms of accuracy, rate of convergence and computation cost. It is obviously shown that the S-FDM just obtains same accuracy with one quarter collocations while the implicit uniform FDM needs 400 collocations. What is more, the scale-dependent difference method has a super-linear convergence rate that the rate on Table 1 is similar to 1.5 that is equal to (2-γ) while the uniform FDM get first order convergence rate. It means that the S-FDM reduces the computation costs 4 times on the Hausdroff metric 0.5 γ = . Therefore, it is clear that the S-FDM on Hausdroff metric γ is more efficient than uniform FDM on clock metric in terms of convergence rate and computational time for fractional relaxation equation on the condition of similar accuracy. 
On Table 2 , a variety of calculation characteristics (accuracy, rate of convergence and computation cost)
are compared between the two methods on the same condition. It reveals that the S-FDM for diffusion problems could nearly arrange one quarter collocations and increase the computation efficiency 7 times while the uniform FDM has 400 collocations and similar accuracy, separately. It also shows the proposed method appears a super-linear convergence rate (the rates are near 1.4(2-α)) while the uniform FDM just has a linear convergence. Therefore, the S-FDM reveals higher computation efficiency and accuracy. Meanwhile, for the sake of further illustration of computation property, we make Table 3 Fig.2(a) , it indicates that different temporal collocations make completely similar solutions with S-FDM. In contrast, the curves on Fig.2(b) reveals distinctly diacritical results of varies of collocations, especially in the initial time domain. Comparing Fig.2(a) with Fig.2(b) , the S-FDM in power-law time behaves better for diffusion problem with point source that we could choose few collocations to improve the efficiency with precise numerical results. Furthermore, the proposed numerical scheme could make numerical results more accurate and stable for diffusion equation. 
where the diffusion coefficient is 0.005. Here, we regard On Table 4 , numerical solutions for the fractional diffusion equation (18) 
Discussion
The proposed method establishes the relationship fractional derivative order and strategy of non-uniform collocation mode by scale transfer based on Hausdroff metric. It means the proposed method behaves uniform mesh on power-law time scale, while it shows non-uniform mesh on clock time scale. It is clear shown that S-FDM collocates equidistant step-size nodes on power-law time T α in Fig. 4 . This kind of collocation mode leads dense nodes at early time and sparse nodes at later time on clock time scale. On contrast, the step-sizes are larger than others at the beginning of the nodes on power-law time scale T γ when the mesh is equidistant step-sizes on clock time scale T in Fig.3(a) . For example, time is equal to 0.1 in clock time while the time value becomes 0.25 in power-law time. This situation leads to numerical results unstable and loose in numerical simulation which is shown on Figures (1-2) from numerical experiments. Particularly, it may cause a lager calculation error in the initial time.
To verify our statement, here fractional derivative relaxation equation is considered. In these examples, the S-FDM keeps the (2-α)-th order convergence, while the uniform FDM and non-uniform FDM [14, 28] lose their convergence rate and accuracy from the numerical results while only keep 1-th order convergence rate.
In addition, it is easy to conclude that the proposed method can improve the stability of numerical results apparently. For example, Fig 2 shows the S-FDM allows the wide range variation of relaxation coefficient (B).
in Eq. (1), compared with FDM. Moreover, the S-FDM with easy-to-implement collocation strategy (Appendix) can achieve higher accuracy compared with uniform FDM, which benefits the programming and computation cost. The high computation efficiency of S-FDM has been clearly shown in Table 3, especially for low order time FREs and long time range computation. For example, S-FDM just need ~1/400CPU time of uniform mesh method with better relative error at time T=500 when the fractional order α is equal to 0.4. If we use identical collocation nodes (i.e., N=150), the accuracy of S-FDM is much better than FDM, for example, the accuracy of S-FDM (MRE is 0.00010578) is up to one order of magnitude higher than FDM (MRE is 0.0014) for N=150.
Conclusion
The S-FDM can be regarded as a uniform mesh method on the view of Hausdroff metric whilst non-uniform mesh method from the viewpoint of Euclidean metric. In this paper, we proved that the proposed method is unconditional stable with (2-α)-th convergence rate. Meanwhile, numerical experiments clearly demonstrate the advantage of the S-FDM in comparison with uniform mesh FDM and non-uniform FDM [14, 28] in terms of the accuracy, rate of convergence and computation cost. It can be concluded that, the S-FDM offers an easy-to implement and roust non-uniform collocation mode based on scale metric transfer approach, to efficiently solve FREs. Though, we only considered the time FREs, the S-FDM can be extended to various kinds of time and space fractional differential equations by applying the relationship between fractional derivative order and strategy of non-uniform collocation.
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